A HECKE CORRESPONDENCE THEOREM FOR
NONANALYTIC AUTOMORPHIC INTEGRALS

PAUL C. PASLES

ABSTRACT. In this paper we prove a Riemann-Hecke-Bochner correspondence
for nonanalytic automorphic integrals on the Hecke groups. We also present
several applications of this theorem. One of these settles a question, posed by

M. Knopp in 1983, regarding the Mellin transform of modular integrals .

1. INTRODUCTION

In this work we continue the line of inquiry which commenced with [26]. In
that earlier paper, we discussed (but did not prove) a Riemann-Hecke-Bochner
correspondence theorem for nonanalytic automorphic integrals, that is, functions of

the form

M 00 .
2
f (Z) = Z ywm Z Qny,no,m EXP {% ('n/lZ — TLQE)} s

m=1 ni,na2=0

y = Imz > 0, which satisfy a transformation law:

@) (=1/2) = Cf (2) +q(2);
here wp,, an,y nym, @, B, C' are complex numbers and A is a positive real, with the
An, ny,m adhering to a further technical requirement. (To make this transformation
law meaningful, of course, ¢ needs to be described more explicitly. We will assume

that ¢ is an azial log-polynomial sum; that is,
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T

J
q(iy) = > (iy)™ Y By [log (iy)]" for y >0,

j=1 t=0

with «; and ;+ complex.)

Our motivation in defining integrals thusly is threefold. First, this space of quasi-
invariant functions is preserved under the weight-changing operators outlined in [22,
5, 14, 26]. Moreover, it includes all of the familar examples of entire automorphic
integrals (e.g., Hurwitz’s weight 2 Eisenstein series, the classical theta and eta
functions, and so forth), and thereby is indeed a generalization of the more familiar
concept. Finally, as we will show, it is possible to state a Hecke correspondence for
such functions in a natural way.

Our goal is to demonstrate a correspondence which matches each nonanalytic
automorphic integral with a linear combination of Dirichlet series, said linear combi-
nation satisfying a functional equation similar to that of the Riemann zeta function.
Along the way we will acquire several results which are immediate consequences of

the main theorem.

2. DEFINITIONS

1 -1
The Hecke group is Gy = <(0 i), (? O>>’ A > 0. For brevity, we refer

to these two generators as Sy and T respectively. The elements of G\ act on
H = {z € C:Imz > 0} as linear fractional transformations. Of particular interest
is the modular group G;.

For z,w € C, z # 0, we define 2 = e*!°8%, Here logz = log|z| + i arg z, with
log|z| denoting the principal branch of the logarithm (log1 = 0); arg z is taken in
the interval [—m, ), except when a ‘binary’ convention is more convenient (it will

always be clear from context which of these is intended). A multiplier system on
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Gy of coweights «, § € C is a function v : Gy — C satisfying |v (Sy)| =1, v(T) #0

and the consistency condition:
v (Ms) (32 + ds)* (csz + ds)” =

v (Ml) (ClMQZ + dl)a (ClMQg + dl)ﬁ v (MQ) (CQZ + d2)a (025 + dQ)ﬁ y

b

for all My, My € Gy, Mi My = M3, M; = (aJ dJ> for j =1,2,3, z € H, where we
Cj aj

interpret the consistency condition according to the binary argument convention:

—m < arg(cz+d) <mand —7w < arg (cZ+d) <, for z € H, |¢| + |d| # 0. (See,

for example, [22].)

In this work we consider only multiplier systems which satisfy v (Sy) = 1. More
general multiplier systems are examined in [25].
Definition 2.1. Let {an},., C C such that a, = O (n?) as n — oo, for some

~v € RT. Write

f(Z) _ Z ane2ﬂ-inz/)\,
n=0

z € H. Let v be a multiplier system on Gy of real coweights k,0 with v (Sy) = 1. If

2R f(=1/2) =v(T) f(2) + q(2) for all z € H, where

T

q(z) =2 2% Bju(logz)",

j=1 t=0

aj, B¢ € C, we call f an automorphic integral of coweights o, 3 and multi-
plier system v on Gx. The function q(z) is called a log-polynomial sum (more
specifically, the log-polynomial period function for f).

Remark on terminology. Some authors refer to these as entire, to distinguish
them from general automorphic integrals, which may have poles in H or at the

infinite cusp.
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The log-polynomial sums which occur as period functions for (entire) automor-
phic integrals of coweights k,0 have been completely characterized in the cases
E>2v(Sy)=1land k>0, v(Sy) #1[8,9].
Definition 2.2. Let {an,nym |0 <ni,ng < oo, 1 <m < M} CC, with

Z Anyno,m = 0] (n’y) , Y > 0, as n — +400.

ni+ns=n

Put

M
f(z) = Z Z ywmanl,nz,mezT;I (n127n2z)a

m=1 ni,n2=0

z=xz+1iy € H. (w,...wp € C.)
Let v be a multiplier system on Gy of complex coweights o, § with v (Sy) = 1. If
f satisfies
@ (=12 = o(T) f(2) +q(2)

for all z € 'H, where
J

T
q(iy) =D (i)™ Y By llog ()], y > 0,

j=1 t=0

we call f a nonanalytic automorphic integral of coweights o, B and multiplier

system v on Gx. (q is the axial log-polynomial period function for f.)

2miz /A

If one writes f as a function of u = e , one obtains the “g-like” series [24]:

M
g(u) = Z i by mg,mu @2 log"™ |ul, 0 < |u| < 1.
m=1n1,n2=0

A restricted case of the nonanalytic automorphic integral was considered by
Knopp [18]: namely, the case « = —f € Z, {wm} C Z, and an, ny,m = 0 for
[ni] + |n2| > 0. Also, not all axial log-polynomial periods were considered there,
but only those of the form

q(z) = Z [alzm?[b (log z)" + azz"7" (logZz)"
finite

In particular, Knopp developed a direct Hecke theorem for those integrals.
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A remark regarding the last two definitions: If A = 1, f is said to be modular; if
g =0, the (analytic or nonanalytic) integral is called a form.

In certain contexts one may replace the (axial) log-polynomial sum by an (axial)

rational function. Rational period functions have been the subject of a considerable
body of recent research [2, 3, 4, 6, 7, 10, 11, 13, 14, 16, 23].
Remark 2.1. Some authors assume seemingly weaker conditions for Definition
2.1, namely that f is entire, periodic, and bounded at ico, and the rest of the
definition follows. Observe that no such set of conditions will replace Definition
2.2; real-analyticity and periodicity do not necessarily imply the quasi-exponential
shape we specified, nor does the function need to be bounded at ico.

Nevertheless, we feel that this definition is a natural one for the reasons stated

i the introduction.

3. RIEMANN-HECKE-BOCHNER CORRESPONDENCE

The Riemann-Hecke-Bochner Correspondence asserts that there is a relationship
between exponential series which satisfy a transformation law and Dirichlet series
with a certain type of functional equation. Such theorems originate with Riemann’s

proof [27] of the functional equation for his eponymous zeta function

C(s)=) n",
n=1
by way of the classical theta function
9(z)=1 +226”"22,
n=1

a modular form of weight 2 on G, [17]. ¢ and ¥ are connected by the Mellin trans-
form and its inverse; this connection was later generalized to the case of automorphic

forms by Hecke [12] and still later to automorphic integrals by Bochner [1; see also
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30], who allowed “residual” period functions. These were later described explicitly
as log-polynomial sums by Knopp, who also elaborated on the relationship between
the period functions and the poles of the Dirichlet series; Knopp’s incarnation of
the correspondence follows [19, 20]:

Theorem 3.1. Let k€ R, C € C, XA > 0. Suppose

0
_ E an 6271'1712/)\
n=0

for z € H, where a,, = O (n") as n — oo, for some v > 0. Put

D (s) = (%) T (s) g ann=*

Res large. Then (a) < (b), where:

(@) 27k f (=1/2) = Cf (2) + q(2) for all z € H, with q ()

(aj, 6j,t S (C)

7 M,
32 3 e log2)'

(b) (i) ® has a meromorphic continuation to C with at most a finite number of

poles, and
(ii) ® is bounded in each set of the form
L(o1,00,t0) ={s=0+it:01 <o <o, [Imt| >},
whenever 01,02 € R and ty > max ; [Imey;| (figure 1), and
(iii) ® has the functional equation:
D (k—s) = ™2 (s).

Knopp refers to the set L (o1, 09,t0) as a lacunary vertical strip.
Supplement to Theorem 3.1. The locations and orders of the poles of ¢ are

related to g. In fact, the principal part of ® at each pole can be written explicitly

in terms of the «;’s and 3;’s.
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Again, one may also consider rational g here instead of log-polynomials [10, 11,

4],

We omit the proof of Theorem 3.1, since it is a consequence of our next theorem.
Note: The above condition ¢y > max ; [Imey| is a slight, but essential, correction
to the statement which appears in [19].

It is important to observe that the transition from forms to integrals with log-
polynomial period functions does not disturb the functional equation of ®; the only
difference is in the placement and orders of the poles of ®. Likewise, our foray into
the nonanalytic arena will leave the functional equation essentially undisturbed; the
main difference is that now ® is a linear combination of Dirichlet series with expo-
nential and gamma factors. This result, which follows, is suggested by unpublished
work of Knopp ([18]; see also Remark 6 in the next section).

Theorem 3.2. Let A,y > 0; C,a, 8 € C; and wp,, Gny no,m € C, wyy, distinct, for
m=1,2,..,M and ni,n2 € ZT U{0}. Define cnm = Y. an,nym for m =

ni+nge=n

1,2,...,M and n € Z* U {0}. Assume also that for each m, >  |an,mom| =

ni+nge=n

O (n") as n — co. For z = x + iy € H, define the real-analytic periodic function

M e 271 _
f(z)= >y > anynemexp ~ (n1z —naZ) p . Also define
m=1 ni,ne=0
M o o0
Pr(s)= Y 2r/N) "L (s+wm) D cumn *"Ym, for Res large.
m=1 n=1

Then the following are equivalent:
(A) =7 (2) 7 f (=1/2) = CF (2) +q(2) for = € W, with q (iy) =

M;
(i)™ Y B (1ogiy)t , for y>0. (a;,8;: € C, ay distinct, B, # 0 Vj).
t=0

(ii) @ (s) is bounded in sets of the form
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L(oy,00,t0) ={s=0+it:0o1 <o < oo, |Imt| > to}

whenever o1,09 € R and

to > max ; |Ima;| + max | Imw,,| + max |Im (wy, + o + §)|;
(iii) s (o + B —5) =i*PC Py (s), s € C.

Corollary (to the proof of Theorem 3.2). When A, B hold, it is also true that

®; —r — L is entire, where

M ia=BC 1
r(s) = Z Co,m [s—(a—|—5+wm) B s—|—wm]

m=1

and
J M; e in\t
L(s) = Ziaﬁﬂwz@.ytz(ﬁ) (5> Os—(a+B+ay)]
j=1 t=0 =0
J Mj i Y t 1T =t —/—1
- eSS () (§) e
j=1  t=0  ¢=0

Thus the location of the poles of ®; and their orders are obvious. In particular, we
have the set identity {« + 8 + ozj}j:l = {—aj}jzl .

Theorem 3.2 and the corollary are proved in the final section.

4. REMARKS

1. Theorem 3.2 still holds even if f is defined only on the positive imaginary axis

(as Y (i)™ 3 cpme™2™¥/A). Thus, periodicity and real-analyticity are unneces-
m n

sary hypotheses, but we will retain them because we are interested in nonanalytic
integrals on H. (For one thing, there is ambiguity regarding the meaning of weight-

changing operators such as

0 « 0 Biy
bap = 2=+ oy Oop = Yo + L,
B + iy 0P Yozt

etc. when they are applied to functions only defined on iR™.)
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2. It is tempting to conclude that Theorem 3.2 can be reduced to the analytic case
(Theorem 3.1), but while there does exist f; analytic on H with (f — f1) |;g+= 0,
f1 does not transform correctly under Sy if M > 1. Thus, while f; may be useful to
us (and we will have cause to refer to just such a “corresponding analytic function”

in the proof of Lemma 6.1), it is not an analytic integral in general.

M
3. @ is the Mellin transform of f, or more precisely of f — > comi™Wmz"m.
m=1
That is,
0o M
Py (s) = / lf (i) = > Comi " (iy)"™ | y*~'dy,
0 m=1

for Res large.

4. In Theorem 3.2, take § =0, a € R, M =1 and w; = 0 (so that f, q are analytic)
to get Theorem 3.1.

5. In Theorem 3.1, ® determines f up to the constant term. In Theorem 3.2,
however, ®; determines only f (iy) uniquely (again, up to the constant term), not
f(2). Thus, Theorem 3.2 is a one-to-one correspondence between linear combina-
tions of Dirichlet series satisfying a functional equation, and equivalence classes of
quasi-exponential functions satisfying a transformation law, where we say two func-
tions are equivalent if their difference vanishes identically on the positive imaginary
axis.

6. Theorem 3.2 was inspired by a result presented in [18], which is a direct theorem
(A= B) for the case 8 = —a € Z, C =1, {wy,} C Z and an, n,.m supported only
when n; or no = 0. Also, no converse was given there, although it was suggested

that one should be found. In addition, the period functions had the form

> (er™ (2% (0g2)" + a2 (2)* log (-2)]")

finite
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(v, Bj,7; € C, t,u € Z); this is not as general as the axial log-polynomial sum as
we have defined it, which allows

3 Qe ()% (logz)" [log (—2)]" (log iy)”

finite

for example. Whether the latter sum ever actually occurs as a period function is
as yet unknown. What is certain, though, is that if the period functions considered
by Knopp do occur, then so do more general period functions which are obtained
from these using the operator f — y* f, w € C [26].

7. In keeping with the usual shorthand, we refer to theorems of the type A = B
as “direct” and B < A as “converse” (although Hecke himself did not use this

terminology).

5. APPLICATIONS

Theorem 3.2 has two immediate applications. First we will use it to derive a
new proof for an estimate on the growth of the Mellin transform of an automorphic
integral (namely, that ® (s) vanishes faster than any rational function of Ims, as
§ — 400 within any vertical strip). Then we will use Theorem 3.2 to disprove a
conjecture from [14] involving the weight-changing operator & = 4 + %, k €
Z, which preserves automorphicity on the linear fractional transformation group

Gx. Each of these applications further motivates our nonanalytic perspective by

providing insight into the analytic milieu.

Theorem 5.1. (Growth estimate) Let f be an automorphic integral on H with
log-polynomial period function, and let ®y (s) be the Mellin transform of f. Then

s (s) =o(|Ims|”) as Ims — +oo, |Res| < A, for any p € R.
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Proof. fisan (analytic) automorphic integral of weight o € C. Then by [26], 6V f

is a nonanalytic automorphic integral of coweights oo+ 2N, 0 for all N € ZT U {0} .

Theorem 3.1= ®; is bounded in the “lacunary vertical strips” L (o1, 09, to) such
that to > max|a;| (a; defined as in Theorem 3.1).

It was observed in [14] that for f analytic,

(I)(;f(s):i(s—l—%) By (s—1), Vs € C. (5.1)

To prove this identity, integrate by parts directly, or else use the functional equa-

tion for the gamma function. Although [14] deals with integral weights, identity

multiplier system and the modular group, we remark that the identity also holds

for complex weights, arbitrary multiplier systems (still subject to v (Sy) = 1) and

all Hecke groups. (Also, the integrals there had rational period functions, but as

noted in [26], this distinction too is immaterial; the identity still holds if the period

functions are log-polynomials.) In fact, when f is analytic, we can easily show that

for each N € ZT U {0} there exists a polynomial py of degree exactly N such that

Psnp(s) =pn(s)Pp(s—N), Vs € C. (5.2)

(Caution: This is not simply a consequence of inductive application of (5.1), since
that identity applied only to analytic f, not to such nonanalytic integrals as 6" f.
Nevertheless, (5.2) is easily proved by induction.)

Now, by Theorem 3.2 with g = 6" f we know that ®s~ ¢ is bounded in lacunary
vertical strips with sufficiently large to. In fact we may simply take to > max [Ima;|

/.

again, where the o

s are those associated with f and ®f, because the poles of
Oy, Bsp, Ps2y, ... do not increase in imaginary part. (By linearity of 6, the period

function gy of 6V f is 6V qo, where qq is the period function of f.) If

J M
g0 (2) =D Y B2 (logz)",

j=11t=0
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then

!
J M

an (iy) =D > 1 (iy)” (logiy)",

j=1t=0

where {3;} C {a; +¢|1<j<.J ¢€Z"'}. This becomes clear if one applies
the product rule from calculus to the individual terms of qo (z).) By (5.2), then,
pn (s) @5 (s — N) is bounded in lacunary vertical strips with large ¢;. But this

lower bound for %, is independent of N, since

max Ime; |
e;,N= poles of <I>5Nf

is nonincreasing in N. Thus |® (s)| < An s/ ™™ in those lacunary vertical strips.
Since N was arbitrary, | (s)| = o (|s|7p ) Vp > 0, and obviously then this holds
VpeR. N
Remark 5.1. There is actually a stronger estimate on ®; (exponential decay)
which is used to prove the converse (B = A) Riemann-Hecke-Bochner Correspon-
dence (Theorem 3.1 Converse); however, that proof relies on Stirling’s Formula
and the Phragmén-Lindeldf Principle, both of which we have avoided in the proof
of Theorem 5.1. Our proof uses only the Direct Theorem (A = B) of Theorem
3.2. Thus, although the estimate applies to analytic automorphic integrals, it can
be proved using nonanalytic integrals.

The second application of Theorem 3.2 deals with the conjecture made in 1983

by Knopp [14]. We begin by recounting an earlier result from [13]:

Theorem 5.2. Let f be a modular integral with rational period function q, weight

k € Z, and identity multiplier system. If q has poles in QU {oo}, then they are in

{0, 00} .
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(Thus ¢ is a Laurent polynomial, and therefore a log-polynomial sum, which

shows the relevance of this theorem to our present situation.) Such period functions
were completely characterized in the same paper.

In [14], we have the following two theorems:

Theorem 5.3. Suppose f (z) = io an€?™m* a, = O(n?), v > 0, as n — oo,
is a modular integral with rational period function q, weight k € 27 and identity
multiplier system, such that the finite poles of q are rational (therefore = 0, by
Theorem 5.2). Consider the Mellin transform of (0 f) (z) — ¢, defined by

W (s) = 7{(5kf) (iy) - 2—’;} vy,

0

U (s) has the form
¥ =0 T - Ere-n) S
s)=(2n7 s)—=I'(s— nn
2 n=1
and can be continued to a function meromorphic in the entire s—plane, analytic

except for finitely many simple poles at rational integer values of s. Furthermore,

U (s) satisfies the functional equation
U(k+2—s5) =e TE2y (5). (5.3)

Note: ¥ is bounded in all lacunary vertical strips not intersecting R.

Theorem 5.4. Conversely, suppose
®(s)=(2m) °T'(s) Z anpn”?,
n=1

with the Dirichlet series converging in some half-plane. Suppose ® (s) can be contin-
ued to a function meromorphic in the s—plane, analytic except possibly for finitely

many simple poles at rational integer values of s. Assume also that ® (s) is bounded
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in every lacunary vertical strip not intersecting the real axis. Let

qz(s)_i(s_1_§>cp(s_1),

with k € 2Z and suppose U satisfies (5.8). Then for any ag € C, ¥ is the Mellin
transform of o f — %, where f(z) = io: a,€2™"% js a modular integral of weight
n=0

k, multiplier system = 1, with rational period function having poles only at 0 and
0.

Remark 5.2. In light of Theorem 5.2, we can view these last two theorems as
essentially a special case of Theorem 3.2 with f replaced by 6 f, ¥ = ®5,5 and
A = 1. This fact is nonobvious, since in Theorem 5.4 the hypotheses refer partly to
U and partly to @, instead of wholly to ¥ as in Theorem 3.2. However, the fact
that ® (s) is meromorphic in C with at worst simple poles in Z implies the same
property for U (s); also, the boundedness condition on ® implies a seemingly weaker
boundedness condition for U which is nevertheless equivalent in the presence of the
other hypotheses. For, |V (s)| < A -|s| in lacunary vertical strips, and while this is
not quite the same as the statement of Theorem 3.2, the proof works equally well
since the step involving application of Stirling’s formula results in an estimate on
U with exponential decay. Thus we can actually allow polynomial growth (and not
strictly boundedness) on U without losing the Converse Theorem.

Remark 5.3. This is relevant to the more general setting. Both analytic and
nonanalytic Riemann-Hecke-Bochner Correspondence Theorems hold if we replace
the boundedness condition on the Mellin transform by polynomial growth, although
of course it must follow, then, that the stronger boundedness condition holds in the
presence of the functional equation and meromorphicity condition.

Thus, in Theorem 5.4 , we have
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I'(s
—i( - 5) e -1
. L'(s) &k (2 )75+1F( _ 1) io: —s+1
i\ /oo — 2 T s P ann

—(s—1
aznn (S ),

= (2m) T (s) i (2minay,)n~° + (27T)7(571) I(s—1) i =

n=1 n=1

so applying Theorem 3.2 (B = A) to ¥, we do indeed obtain the conclusions of
Theorem 5.4.

As for Theorem 5.3, here §f has coweights « = k+ 2 € 2Z, 8 = 0 and period
function q (z) with ¢ (iy) = XL: dy (iy)*, so in the notation of Theorem 3.2 we have

=1

M;=0,{a;} CZ, M =1, w =0, and o, 5 € Z. Thus by Theorem 3.2 and the
corollary, ¥ has the requisite meromorphic continuation, its poles are simple (since
M; = 0) and they are in Z (since «, 3, w.m,, and «; are all rational integers). That
W (s)=2m) *{T(s) - ET(s—1)} il b,n~*% is a simple calculation.

In the same reference [14] we find the following

Conjecture. Theorem 5.4 still holds if we assume only that

U(s)=(s—1+p)®(s—1),

N

and not necessarily that ¥ (s) = (s — 1 — %) ® (s — 1); one can show that p = —
and then simply apply the earlier result (Theorem 5.4).

We will disprove this conjecture, by way of the following counterexample.
Example 5.1. Let k € 2Z+, =0 (# —%) and put f(z) = a0 + il a, ez
with ay a complex number and .

o)t
an =2 (27i) 1Ok+1 (n)

n(k+1)

for n> 1, where 41 (n) = Y.  d*TL. Then,
d|n, d>0
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mi)F 2 Qs Tinz
(3-2) (2) = (201} (2) = £ (2) = 25805 3 o (m) €
= G2 —2¢(k+2),
which is a modular integral of weight k + 2, v = 1 and trivial period function.
rivial’ in this sense means the modular integral differs from a modular form by
‘T U h h dul ld dul b

a constant term only.) Gy denotes the Fisenstein series of coweights t,0:

G (2) = Z (cz+d)".

¢,d€Z, (¢,d)#(0,0)

Define the “slash” operator |a,g by
hlag M = (cz+d) " (cz+d) " h(-1/z),

for h defined on 'H and M having lower row ¢,d. Since G2 |,1€+270 T = Ggyo, we
have

(O—2uf) lhg20 T = 6-ouf +2¢C (k+2) (1 —27"77),
so by Theorem 3.2 the Mellin transforms ®,V of f,0_2,f satisfy the hypothe-
ses of the conjecture; but f is not a modular integral of weight k, identity multi-
plier and Laurent polynomial period function. For, if that were true, then we would
have f o T = f + XL: cezty and so 2R f (L) = f(2) "'EXL:LCEZE- Differ-

=1L
entiate to get z7F72f" (L) —kzF71f (2L) = f/(2) + EXL:L lepzt=L. Since f' =
Gryz —2C (k+2), we have 2 F2Gp o (F2) —2:7%7%¢ (k_—|- 2) —kz7F1f () =
Grio(2)—2¢(k+2)+ ) XL:L leez* =1, Therefore, —kz"*=1f (<L) = ) XL:L lepz' =t +
2 (= h 1) C(h+2). i
Replacing z by %1, we get that f, and therefore f' = G2, is a Laurent polyno-
mial. But this is impossible since G2 s a nonconstant periodic function. Thus

we obtain the desired contradiction, and so the conjecture fails in every positive

even weight.
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Actually, we could have used Theorem 3.1 (analytic Hecke correspondence), not
Theorem 3.2 (nonanalytic Hecke correspondence), here, since we are taking the
Mellin transform of the analytic function 0_g,f = Gr42. However it should be
noted that we discovered this example using Theorem 3.2 (B = A) to narrow down
the possible options for a counterexample by increasing the number of conditions
such an example would have to satisfy. In effect, the conditions on ® and ¥ (namely,
their functional equations) necessitated (6_2,f) |1 420 I = 6_2,f without having
nw= %k; this is exactly what led to the counterexample given here, i.e. using a
function which is an antiderivative of a modular integral.
Strictly speaking, the correspondence due to Bochner deals with a more general
class of exponential series than that described in Theorem 3.1; namely, it admits

two functions f and g satisfying

2 kg (~1/2) — Cf (2) = log-polynomial sum.

Here we state an analogous theorem for nonanalytic functions. Its proof is omit-
ted since it is virtually identical to that of Theorem 3.2. It is patterned after the
analytic version given in [19, 20].

Theorem 5.6 (Nonanalytic Hecke Correspondence for Two Functions).
M Mo
Let )\1; )\2; v > 0; C; a, 6 € (C; {wm}m:p {vm}m:p {anl,nz,m | 1<m < My,

0<ny,ng < oo}, {bnynem | 1 <m < Mz, 0 <ny,ng <oo} CC with wy, distinct,

vy distinct and

Z |@ny ,naml Z bry n2,m| = O (n7) as n — oo

ni+nz=n ni+ns=n

for each fixed m (v is independent of m). Define
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Cnom = § Qny,na,ms

ni+nge=n

dn,m - § bnl,nz,m;

ni+nge=n

for n € Z+ U{0}. Put

Ml o0 .
27
f (Z) = Z ywm Z Any,no,m EXP {x (nlz — TLQE)} s

m=1 ni,na2=0

Mo > 271
g(z) = Z yom Z bn17n27mexp{)\—2(n1z—n2§)},
m=1 ni,na=0

and let @ (s) and U (s) be defined as their respective Mellin transforms

e’} M, dy

(s) = /{f(iy) -y ao,o,myw’"}ys—,
0 m=1 Y
e’} Mo dy

V(s) = /{g(iy) - boyo,my”"‘}ys?
0 m=1

My —S5—Wm o)
for Res large. (Thus, ®(s) = Y, (i—’z) T (54 wn) nglcn)mnfsfwm and

m=1

U (s) = :fjl (3) " (s 4 om) 2 dp om0
Then the following are equivalent:
(A) 27« (E)fﬁ g (=) =Cf (2)+ azial log-polynomial sum.
(B) ®, U have meromorphic continuations to C, with at most a finite number of
poles; are bounded in lacunary strips (with the same restriction as before on to, as
in Theorem 3.2); and satisfy ¥ (a+ 3 —s) = i*PCP (s).
Although the Riemann-Hecke-Bochner Correspondence is often given this sort
of two-function setting, it is usually applied in the case f = g (Theorem 3.1). Here

we give an example where f # g:

It is easy to see that

(cz + d)fk =0
¢,d€Z, (c,d)#(0,0)
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for k odd, k > 3. However, if we consider instead

oo o0

Ge(z) = Y. > (ez+ad)™",

c=1d=—oc0
Gi) = 3 S(etat,

c=—o00d=1

then we have
kA (-1 =
z Gk 7 = —Gk (Z) .

This shows that ék, ék satisfy the hypotheses of the last theorem with o = k,
B =0, \1 = Ao =1 and that (A) holds with C' = —1 and axial log-polynomial sum
=0.

For an example with «, 8 nonzero, one may simply generalize to an example anal-
ogous to the Maass nonanalytic Eisenstein series which appears in [22], amending

the double-sum to the appropriate subsum as before.

6. PROOF OF THEOREM 3.2

First we will require a lemma.

Lemma 6.1. With f,q as in Theorem 3.2, assume also that

M
[ iy) # Z Comy"™
m=1

for y > 0. Then C = +i®~ and

Ci2 P (2)+(=2)"" (=2) P q(=1/2) = C2 PG (2)+(=2)"* 273 (=1/2) =0

for all z € H, where q is the (unique) analytic function on H with the property that

q(ty) =q(iy) Yy > 0. (Le., q is a bona fide log-polynomial sum.)
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Proof. In the classical case, where ¢ is analytic, this lemma is easier to prove;
one merely notes that a periodic log-polynomial sum is constant, and the desired
conclusion follows directly. Our nonanalytic ¢ will require greater care.

Replacing z by 771 in the transformation law for f, we obtain

Cf (~1/2) +q(~1/2) = (~1/2) (172 " f ()= (2" (-2 1 ().
Thus,
f(2)= (=2 (=2) " [Cf (~1/2) + q(~1/2)]
= (=2)7"(=2) 7 [C20) (Cf (2) +4(2) + a (=1/2)]
= CPO D [CF (2) +q(2)] + (=) (-2) " a(-1/2),
for all z € H, o, B € C. (For Imz > 0, (—z)"* (=2) 7 202(0) = j2(0=8) by the
Open Mapping Theorem and its analog for conjugate-analytic functions.)

It follows that
[1- 220D [ () = €O Pq () + (=2) " (-2) P a(=1/2), (6.1)
for Imz > 0. Put z = 4y. Then,
[1- 22D £ (iy) = € g (i) + (=iy) ™ (y) 4 (~1/i).
Yy > 0. By extending both sides of (6.1) analytically to H, we get
[1 - C2i2(o‘*ﬁ)] h(z) =Ci2@PG(2) + (—2) 277G (~1/z) forall ze H, (6.2)
where

M 0o
h(z)= Z (—iz)"“™ Z cn,me%m‘z/)‘.

1 n=0

Therefore,

M 0o
|:1 _ C2i2(a7ﬁ)} Z (_iz)wm Z Cn)me27rinz/)\ (63)

m=1 n=1
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M
= CPCA() + (=) 504 (=1/2) = [1 = D] 37 ¢y (i)™,

m=1

for all z € H.
The right-hand side of (6.3) is a log-polynomial sum, while the left-hand side

decays exponentially as z — oo within any set of the form

W(;:{ZEC:Z;&O, ’g—argz

<0},0§9§

It is proved in [26] that any log-polynomial sum which satisfies such a limiting

condition must be identically zero. But

M o
Z (_iz)wm Z Cn,me27”nz/)\ io in H,
m=1 n=1
since, by hypothesis,
M o M
Sy Y enme A = fiy) = 3 comy”™ #0 n R,
m=1 n=1 m=1

Thus, (6.3) implies that 1 — C2i2(®=%) = 0, which gives the first conclusion of the

lemma. This, in turn, implies the rest of the lemma, by (6.1) and (6.2). W

6.1. Proof of the Direct Theorem. With Lemma 6.1 in hand, we may begin
the proof of Theorem 3.2, A = B.

M
Assume A. If f(iy) = > comy”for y > 0, then ®;(s) = 0 and B holds

m=1

M
trivially. Thus, we may assume f (iy) £ >, comy“™ for y > 0.

m=1

M M
That @ is the Mellin transform of f— > comi~ 2% = f— > comy™™ (as
m=1 m=1
stated in remarks following Theorem 3.2) is a consequence of Fubini’s Theorem.
For Res large, then,

y(s) = /°° lf (iy) — i co,my”’"] Yy = 7+/1
0 1 0

m=1
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1

Taking y — — in the latter integral and then applying the transformation law for
Y

f, we get

B ()= | [f (i)

Mz

Comy®™ ] y*rdy+

! {(iy)a (—iy)” [Cf (iy) +q (iy)] ~ XA; co,myw"‘}y“dy

I
»—1%8
»—1%8

M r M -
f (Zy) - Z Co mywm S ldy + %™ B f (zy) — Z Co,mywm ya+ﬁfsfldy
m= L m=1 ]

o0 o0 o0
+i* ! [ a(iy) Yot ldy+ Z Com (iaﬁc S ywm otz =ty — J ywmsldy>
1 1 1

Il
»—1%8
e

f(ly) - Z Co mywm S ldy—Fla ﬁf f(zy) — Co,mywm ya+ﬁfsfldy
m= - B

1

o — T o s— i“ P
+12 B “1[ q(zy +B— 1dy+ Z Co,m |:sf(a+ﬁfwm) — s+1um] .
(Each of these integrals converges for Res sufficiently large.) Therefore &y =

E + L+ r,whereF (s) =

° M ) M
/ lf (iy) — Z co)mywm] v ldy _|_Z-afﬁ/ lf (iy) — Z Co,mywm] yoﬁLﬁ*S*ldy,
1 m=1 1 m=1
— ;a8 / q (zy) ya+ﬁfsfldy
1
and

- i“=8C 1
r(s) = Zco’m [s—(a+5+wm) B s—|—wm]'

m=1

Since F (s) is absolutely uniformly convergent on compact subsets of C, it is
entire, by the integral analog of the Weierstrass M-test [29, p. 100]. Now, for Res

large,

" ﬁ/z iﬁ;t (logiy)' y*A=="dy.

J:l t=0

The integral and the finite double-sum may be switched, since each term is abso-
lutely integrable. Writing logiy = % + logy and applying the binomial theorem,

we obtain

J M; t

D) =2 T i) ( ) (5”) /Oo y* et (logy) dy.

Jj=1 £=0
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Observe that

oo

/ y (logy) = (—1)' 41 (n + 1)~ (6.4)

1

for £ € Z* U {0} and Ren < —1, so that

o= Fer s () (8) s

=1 aj+a+B—s

1)1 g 65)

441
)

for Res > Re (o — ) + maxRea;. This shows that L is meromorphic in C with a
pole of order M; + 1 at a; + « + 3. (We assume, as always, that 3; 17, # 0 for all
j.) This proves part (i) of B in Theorem 3.2.

Next it will be shown that @y satisfies the functional equation @5 (e + 3 — s) =
i PC®; (s), s € C. Clearly E and r satisfy this same functional equation, by their
very definitions; therefore it suffices to consider L (= ®; — E — r). By Lemma 6.1
(z = iy), we have (i*~ ﬁC) =1 and Ci2=Bq (iy) + (—iy) "™ (iy) " ¢ (=1/iy) = 0,
so that q (—1/iy) = —Ci#~*y**+Fq (iy). By the definition of L, then,

i BC - L(a+p—s)=i2=AC [ q(iy) y*"'dy
1

0
:iQ(C‘*ﬁ)C{q(i/y ystl :15

1
=200 [q(i/y)y~*"'dy
0
1
= i2(o‘*ﬁ)Cf q(=1/iy)y=*"dy
0

1
= —Ci*~ f (—1/iy) y* 8=~ 1dy, by Lemma 6.1.

1 M,
Thus i*70C - La+ f—s) = 70 [ 32 ()™ 3 By (logiy)" yo+o=s~1dy
0

j=1
J M
=i i Y f s (logiy)" y* =" dy,
t=0 0
where the interchange of integral and sum is justified as before.

Writing log iy = & + logy, substituting y — % and applying (6.4) again, we get
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t=1

J M, t o
©BC L(a+B—s5) =i 3@ S B, S () () 0(s—a;—a—p)"",
j=1 =1
for Res small; and since L is meromorphic in the plane, the preceding equation

holds in C. Comparing the earlier expression, one sees readily that
i PC-L(a+p—s)=L(s).

This verifies the functional equation for L, and thus for ® ¢, proving (7).

Finally, we come to the boundedness condition (ii). The rational functions L and
rare, of course, bounded in (closed) lacunary vertical strips which do not contain
poles of L or r. We have demonstrated that said poles are in {—a;} U {—wm,} U
{a+ B+ wn,}. Thus, to prove (ii), it suffices to confirm the boundedness of E (s).
This is simple: if s € L (01, 09,t9), then

Tlrn-

Mz

Co,mwa:| ysldy’

—
~
<

3
Il

—2m(ni1+n2)y/A yRC(merS)fldy

gL

[|an1,nz,m| € - |a0,0,m|]

VAN
1=

8 58

=

H
3

©
Il
o

Il
1Mz

—

IA

B3

M=z
gk

—

)
Z |an1,n27m|> f e*Qﬂny/)\yRc(mers),ldy

ni+na=n 1

0o
n'yf6727rny/)\yRcwm+crgfldy < 00.
1

1

3
Il

This proves part (i) of B and completes the proof of the direct theorem.

6.2. Proof of the Corollary. We are now in a position to prove the corollary.

From the definition of L and the functional equation for ¢ (Lemma 6.1),
L(s) == M0 [q-1/ig)y >y
1

By calculations similar to those used previously, then,

J M; ¢ o\ t—t
L(s) = =200 13 38, 3 (Z) (%) A(-aj =) (6.6)
j=1

t=1 (=1

for Res small. Compare (6.5). Since E = ®; — L — r is entire, this proves the first

part of the corollary.
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Equations (6.5) and (6.6) also imply the set identity {—ozj}j:l ={a; +a+ 5}j:J .
Since the a; are distinct, then, we have the following:
o If J is even, dm € Sy such that arj41) = —ary —a—Fforj=1,3,...,J -1
e If J is odd, 37 € S; such that ar(j11) = —azy —a—Ffor j=1,3,...,J -2
and orr(y) = —Qn() — o = B (ie. axy = —5 (@ = f)).
with S denoting the symmetric group on J letters. (Also, of course, 3;; and By

are related.) Thus the exponent set of any axial log-polynomial period function is

{Oéj}j:l: {771,772,--- ,77LJ/2J}U{771—04—5,772—04—5,--- s MLJ/2] —a—ﬁ}US,

0 if J is even,
where S =

{22} ifJis odd

This is actually a slightly stronger statement than was needed, and so this com-

pletes the proof of the corollary.

6.3. Proof of the Converse Theorem. It remains to be shown that B = A.

d-+ioco
Using the identity e™¥ = ;- [ y7°T'(s)ds, d > 0 [21] and a standard calcula-

d—i00

tion, we can show that f is the inverse Mellin transform of ® ;. For y > 0 and d large,

' M L dHieo 5o dFico
then, f (iy)— Zl Comy'" =57 [ Cp(s)ytds=555 [ Ppla+tB—s)yids
m= d—i00 d—1i00
fa a+f—d—ico fa a+L—d+ico
= Smic S Py (s) y =t d (—s) = 57iC y? S Py (s)y ds.
a+L—d+ico a+f—d—ico
Therefore,
M a+L—d+ico
. 1 L o
F)=Y coms™ = 5oai) " (i) [ @) yds (67)
m=1 a+f—d—ico
Now,
a+[—d+ico d+iT

Oy (s)y’ds = Tlgréo / + / + / —2m~§ Res (y°®y;s,)  (6.8)

a+pB—d—ioco d—iT 5 (T) ~7(T)
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(see Figure 2), choosing d and T large enough for the parallelogram shown to enclose
all of the poles s, of ®; recall that these are finite in number. (N.B.: In the classical
case, the contour is rectangular.)

For d large enough, both [ and [ — 0asT — oo, by B (ii) and (41),
1(T) ¥2(T)
together with the Phragmén-Lindelof theorem [28] and Stirling’s formula. (To

satisfy the hypotheses of the former, we must consider instead of ® the auxiliary
function e~ ™5/4® ¢. This again contrasts with the proof of Theorem 3.1.)
y (6.7) and (6.8), then,

M
f (iy) — 2:: Comy"™

d+ico
= 520 (iy) " (—iy) 7 l | ®s(s)y°ds —2mi- > Res (y°®y; s,)
d—ioco poles s, of &,
d+ico
=5= [ ®s(s)y *dsfory>0,so
d—i00
d+ico
=5 [ ®(s)y°ds. Thus,

d—i00

oy
=
-+
~
i~
=
|
L
&
:

o o
o o
3 3
< <

g
3
\

Mz Tz

—

=0 i) i) () = 8 o™ | =) (i) D Res (57055.).

Say the pole set of @y is {sl,} and that the principal part of ¢ at s = s, is

v=1"

Ay w—
u (s —8,)7". The residue of y*®; (s) at s = s, is 21 ySVnyyu% , and

A,
=

Ny,
v s L s (logy)"~
2 es (Y Ppis) =2 Dy ”ﬁuuw Thus,

v=1u=1

; A N (B 1 1 Y
Flin) = X o™ = (i) (i) 70 £ (5) = comy o
vV A, o I
()" (i) 7O 3 3 yrema Ty
Therefore,

()™ (i) 1 (52) ~CF () = = 3 comy™ 4 (i)™ (~i9) ™ 52 oy

m 1
()™ (i) XSS e B
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and since y* = (—i)™ (iy)* and logy = logiy — & for y > 0, we have that

(iy) " (—iy) " f (;—yl) — Cf (iy) is equal to a log-polynomial sum on iR*, so

z ¢ (E)fﬁf (=2) — Cf(2) is equal to an axial log-polynomial sum on H. Thus
A holds. (In the holomorphic case, one effects an analytic continuation from iR™

to H; for azial sums this is both impossible and, fortunately, unnecessary.)

This completes the proof of Theorem 3.2.
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